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Abstract. We define the notion of mixed Frobenius structure which is a generalization 

of the structure of a Frobenius manifold. We construct a mixed Frobenius structure on 

Q-f the cohomology of weak Fano toric surfaces and that of the three dimensional projec- 

ts ■ 

■ tive space using local Gromov-Witten invariants. This is an analogue of the Frobenius 

manifold associated to the quantum cohomology in the local Calabi-Yau setting. 

1. Introduction 

The purpose of this paper is to introduce the notion of mixed Frobenius structure. It is 
a generalization of the structure of a Frobenius manifold, which plays an important role in 
the study of mirror symmetry. Our motivation for introducing it comes from local mirror 
symmetry. The main results, Theorems 19.101 and 110. 5| show that local Gromov-Witten 
invariants in the local A-model (i.e. the A-model side of local mirror symmetry) give rise 
to mixed Frobenius structures. 

In the rest of the introduction, we first explain the contents of the paper. Then we 
explain the motivation from local mirror symmetry. Throughout the paper, an algebra is 
an associative commutative algebra with unit over C of finite dimension. We denote by o 
the multiplication of an algebra. 

1.1. A generalization of Frobenius algebra. Recall that a Frobenius algebra is a 
pair of an algebra A and a nondegenerate bilinear form ( , ) : A x A — > C satisfying the 
compatibility condition 

(1.1) (ar o y, z) = (x, y o z) (x,y,zeA). 

For example, the cohomology ring of a compact oriented manifold and the intersection 
form is a Frobenius algebra (see, e.g. [14J). 

We generalize this notion as follows (§|2]). Let A be an algebra. A Frobenius filtration 
on A is a pair of an increasing sequence of ideals • • • C If- C I k +i C • ■ ■ in A and a set of 
nondegenerate symmetric bilinear forms ( , )* on graded quotients Ik/h-i satisfying the 
condition similar to ( II. ip : 

(x,aoy) k = (ao X ,y) k (x,y £ h/h-i, a £ A/I k -i) ■ 
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Given a Frobenius algebra A with a nilpotent element n, there are constructions of the 
Frobenius filtration in A and the quotient algebra A/(n) where (n) is the ideal gener- 
ated by n (^3]). We call them the nilpotent construction and the quotient construction 
respectively. 

To illustrate these constructions, we give two types of examples. First examples are the 
cohomology rings of compact Kahler manifolds (§H]). Second examples are Chen-Ruan's 
cohomology rings of some non-compact orbifolds (§5J). 

1.2. The mixed Frobenius structure. Recall that a Frobenius structure on a mani- 
fold M consists of a structure of the Frobenius algebra on the tangent bundle TM and 
a vector field E on M called the Euler vector field which satisfy certain compatibility 
conditions (see Definition 16. ip . It was defined by Dubrovin [9] but before that K. Saito 
found this structure in the singularity theory [23] (see also [24J). An example of the Frobe- 
nius structure is the quantum cohomology ring (i.e. the cohomology with the quantum 
cup product) of a compact symplectic manifold. For other examples, see e.g. [21] and 
references therein. 

We generalize this notion and define the mixed Frobenius structure (§SJ). A mixed 
Frobenius structure (MFS) on a complex manifold M consists of a structure of an algebra 
with a Frobenius filtration, a torsion-free flat connection V on TM, and an Euler vector 
field E which satisfy compatibility conditions (see Definition ^. 2p . We extend the nilpotent 
and the quotient constructions to the MFS (§7J). If given a Frobenius manifold M with a 
vector field n which is nilpotent with respect to the multiplication (and satisfies certain 
compatibility conditions with the metric and the Euler vector field), then we have a MFS 
on M and one on a certain submanifold (see Theorem 17.21 and Corollary 17. 3p . We also 
define an analogue of the deformed connection of the Frobenius manifold [10] and show 
that it is flat (gSJ. 

Finally, we apply the quotient construction to the quantum cohomology ring of the 
projective compactification ¥(Ks © Os) where S is a weak Fano toric surface and K$ is 
its canonical bundle, and obtain a MFS on H*(S,C) (§2]). We also apply the quotient 
construction to ¥(K ¥ s © C p3 ) and obtain a MFS on H*(¥ 3 ,C) (gTUJ)- Calculations of 
deformed flat coordinates of these MFS's are given in the appendices fjjjA"} §1B"]) . 

1.3. Motivation from local mirror symmetry. For a Calabi-Yau threefold X, two 
Frobenius structures on H*(X,C) are known. The one is given by the quantum co- 
homology ring and the intersection form (the A- model). The other is constructed by 
Barannikov-Kontsevith [1] which is closely related to the variation of Hodge structures 
on H 3 (X, C) (the B-model). If Calabi-Yau threefolds X and Y are mirror partners, it 
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is conjectured that the former Frobenius structure on H*(X, C) is isomorphic to the lat- 
ter Frobenius structure on H*(Y,C). This conjecture was proved when X is a complete 
intersection in a projective space [2]. 

In [7], local mirror symmetry for weak Fano toric surfaces 5* was derived from mirror 
symmetry of toric Calabi-Yau hypersurfaces containing S as a smooth divisor. Therefore, 
looking at the A- model side, it is expected that H*(S,C) should inherit a Frobenius 
structure from the quantum cohomology of the corresponding Calabi-Yau threefold. 

However, the above expectation turns out to be too naive because it seems that there is 
no natural way to obtain a nondegenerate bilinear form on H*(S, C) from the intersection 
form on the Calabi-Yau threefold. Therefore we have to abandon the nondegenerate 
pairing and have to generalize the notion of Frobenius algebra. Hints on how come from 
looking at the B-model sides. In mirror symmetry, the B-model is about the Hodge 
structure whereas in local mirror symmetry it is about the mixed Hodge structure, which 
has one more extra datum called the weight filtration. This leads us to introduce the 
notion of Frobenius filtration. 

We believe that the MFS on H*(S,C) constructed in $9] is what would be obtained 
from the Frobenius structure of the corresponding Calabi-Yau threefold by the following 
two reasons. The first reason is that in the case S = P 2 , if the quotient construction is 
applied to the quantum cohomology of the corresponding Calabi-Yau threefold X, the 
resulting MFS is the same as this one. The second reason is that the Frobenius filtration 
on H*(S, C) agrees with the weight filtration on the local B-model side (see Remark 19.1 II) . 
It would be very interesting if we can construct a MFS on the local B-model side and see 
whether it is isomorphic to the one constructed here. These are left as future problems. 

Acknowledgements. The authors would like to thank Takuro Mochizuki for useful com- 
ments on Kashiwara's filtration (see Remark 13.41) . The first named author is supported 
in part by JSPS Grant-in-Aid for Young Scientists (No. 22740013). The second named 
author is supported in part by JSPS Grant-in-Aid for Young Scientists (No. 24740028). 

2. Frobenius ideal and Frobenius filtration 

Definition 2.1. Let A be an algebra. A Frobenius ideal of A is a pair (/, ( , )) of an ideal 
/ of A and a nondegenerate symmetric bilinear form on / which satisfies the condition 

(2.1) (x,aoy) = (aox,y) (x,y E I, a E A) . 

Definition 2.2. An increasing filtration of an algebra A by ideals 



I. : c • • • c I k c 4+1 c • • • c A (keZ) 
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together with bilinear forms ( , on Ik/Ik-i is a Frobenius filtration if J. is exhaustive 
and (Ik/Ik-i, ( , )fc) is a Frobenius ideal of A/Ik-i- 

Example 2.3. If (A, ( , )) is a Frobenius algebra, then the pair of the trivial sequence 
J. : = Id-i Q Id = A and the bilinear form ( , )d '■= ( , ) is a Frobenius filtration. 

Example 2.4. Let (A k , ( , ) k ) (1 < A; < d) be Frobenius algebras. Let A = Ai©- ■ -®A d 
be the direct sum and 

'o (Jfe<o) 

Ai © • • • © A* (1 < k < d) 

A {k>d) 

Then (/., ( , ).) is a Frobenius filtration in A. A particular example of this is the 
case of semisimple algebras. If A is a semisimple algebra, then it is the direct sum of 
one-dimensional algebras generated by orthogonal idempotents: 

A = Cei © • • • © Ce d , o = 8^ . 

Let <?fc G C (A; = 1, . . . , d) be nonzero numbers, and define a bilinear form on Ce^ by 
(efej = (?fc- Then the above construction gives a Frobenius filtration in A. 

For the later purpose, we state the following 

Lemma 2.5. If {I,, ( , )•) is a Frobenius filtration on an algebra A, then (I,/Ik, ( , )•) 

is a Frobenius filtration on the quotient algebra A/ Ik for any k G Z. 

3. Constructions of Frobenius filtration by a nilpotent element 

3.1. Frobenius filtration defined by a nilpotent element. Let (A, ( , )) be a Frobe- 
nius algebra. Assume that there exists a nilpotent element n G A of order d (i.e. n d = 0, 



n 



d-l 



7^ 0). For < k < d, we set := {x G A | x o n k = 0}. Then we have a filtration 

Jo = C Ji C • • • C J d _i C J d = A 

of ideals on A. Let / = (n) be the ideal generated by n, and let Ik '■= I + Jk (0 < k < d). 
Then we have a filtration 

(3.1) /_i := C J = I C A C • • • C I d ^ C I d = A 

of ideals in A. Next we define a pairing ( , on each graded quotient I^/Ik-i- Note that 
4/4-1 = J fc /( 4-1 + / D J fc ) for fe > 0. 



1 An increasing filtration /, on a finite dimensional vector space A is exhaustive if there exists k, I such 
that I k = {0} and I t = A. 
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Definition 3.1. (i) For x, y G Io, there are x, y G A such that x = n o x and y = n o y. 
We define the pairing ( , ) on I by 

(x,y) = (x,yon) . 

(ii) For x,y G Ik/h-i (k > 0), we take representatives x, y G Jk and set (x,y)k '■= 
(x, y o n k ^ 1 ). 

It is easy to check that the pairing ( , is well-defined. 

Lemma 3.2. (i) The pairing ( , )& on Ik/Ik-i is symmetric and satisfies 

(aox,y)k = (x,aoy) k 

for any x,y G Ik/h-i and a G A/Ik-i- 
(ii) The pairing ( , )& is nondegenerate. 

Proof. The first statement follows from the Frobenius property fll.ip of ( , ). For the 
second, we first consider the case k = 0. The pairing ( , )o is nondegenerate since 

(x, y) = Wy G Iq (5, n o y) = Vy G A <^==^ x = n o x = . 

Next we consider the case k > 0. Consider the pairing ( , )k on A defined by (a,b)k '■ = 
(a, b o n* 1 " 1 ). Let I 1 := {a G A \ (a, 6) fc = 0, V6 G /}. Then it follows that I L = J k} since 

(a, 6 or/" 1 ) = 0, V6G/ <J=^ (a,6on fc ) = 0, V6 G A ^ a G J k . 

The pairing ( , )k is degenerate precisely along Jk-i- Then the orthogonal of //(/Pi Jk-i) 
in A/ Jfc with respect to this pairing is Jk/ ' Jk-i- Therefore the orthogonal Kk of Jk in A is 
= / + Jfc_i. It follows that ( , )k induces a nondegenerate pairing on J k /(K k fl Jk) = 
Jk/(Jk-i + 1 H Jfe). It is clear that the induced pairing coincides with ( , defined above. 
Thus the pairing ( , ) k on I k /Ik-i is nondegenerate. □ 

To summarize, we have obtained the following 

Proposition 3.3. If {A, ( , )) is a Frobenius algebra with a nilpotent element n, (I, , ( , ).) 
defined in (13.11) and Definition ^. 1\ is a Frobenius filtration on A. 

Remark 3.4. If a linear endomorphism n on a vector space A is nilpotent of order d, 
then we have a filtration on A called the monodromy weight filtration 

(3.2) 0C^CWiC---C W 2d ^ C W 2d ^ 2 = A 

uniquely determined by the conditions [51 p. 93]: 
n(W{) C W,_ 2 , 

: W d+ ;-i/Wd-i-2 -4 Wk-i-i/Wd-^a (0 < j < d) . 
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The filtration (13. ip is related to the monodromy weight filtration by 

Io = Ker n , 

I k = Kern + W k+d _ 2 (0 < k < d) . 

This filtration agrees with the filtration (N*A), defined in [13j §3-4] for the filtration 
A, : = A C A 1 = A. 

3.2. Probenius filtration by quotient construction. As in §3.11 let (A, ( , )) be a 

Frobenius algebra, n G A a nilpotent element of order d. Let J k = {x G A | x o n k = 0} 
and I = (n). 

By Lemma \2 .5\ the Frobenius filtration (J., ( , ).) constructed in §3. II induces a Frobe- 
nius filtration on the quotient algebra A' = A/I. Explicitly, the induced sequence is 

(3.3) i::0 C iJc-.-C J$ = A' (4:=(J + J fe )/7) . 
The induced bilinear forms ( , )' k on l' k ll' k _ x are given by 

(3.4) (a',6% = K&)fc 

where a, 6 G Jfc are those such that the image under c — >■ J/- + J — )■ /j^ are a', 6' G 

Corollary 3.5. If {A, ( , )) is a Frobenius algebra with a nilpotent element n, (I' m , ( , )'.) 
defined in (13.31) . (13.41) zs a Frobenius filtration on A/I. 

4. Examples I: cohomology of compact Kahler manifolds 

4.1. Examples. Let X be a compact Kahler manifold of complex dimension d — 1. Let 
A = (B^ZlH 2 ^ (X, C) be the even part of the cohomology of X. Then A is a Frobenius 
algebra with respect to the cup product U and the usual intersection pairing 

(x,y)= [ xUy (x,y e H*(X,C))- 
J x 

Let n G H 2 (X, C) be a Kahler class. Then n is nilpotent of order d. By the construction 
in §3.11 we get a Frobenius filtration 

C J C h C • • • C C I d = A . 

Example 4.1. Let X = F d ~\ L = £> pd -i(m) (m G Z, m ^ 0) and n = ci(L). Then 
A := H*(X,C) = C[n]/(n d ) and the intersection form is given by (ri l ,n 3 ) = m^^^j^-i- 
The Frobenius filtration on A defined by n is given as follows. The filtration is 

d-i 

J o = 0Cn\ I k = I (l<k<d-l), I d = I ®Cl. 

i=l 
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If we set e, := n l jm % (1 <i < d — 1) and := 1, the pairings are 

(e», e,) = — 5 i+j:d , (e d , e rf ) d = m^ 1 . 
m 

Example 4.2. Let (X,L) be a polarized algebraic surface and n = C\[L). Then by the 
Lefschetz decomposition, we have 

H 2 (X,C) = H 2 prim (X,C)®Cn , 

where H 2 lim (X,C) is the kernel of tiU : H 2 (X,C) H 4 (X,C)- The Frobenius filtration 
on A = H eveD (X, C) defined by n is given as follows. The filtration is: 

J = Cn © Cn 2 , 

Jx = J ©iJ 2 rim (X,C) , 

h = h, 

h = h © CI . 

The pairings are: 

(n, n 2 ) = X, (n, n) = (n 2 , n 2 ) = , 

(1,1)3 = *, 

where K = j x n 2 . For example, let us consider a rational ruled surface X = F(Opi(k) © 
C P i) (A; > 0). Let F := 7r*Ci(C P i(l)), where 7r : X — > P 1 is the projection, and B 
be the first Chern class of relative 0(1) of the PMrandle vr. Then A = H*(X,C) = 
C[B, F]/(B 2 + kBF, F 2 ). If we take n = B + (k + 1)F G # 2 (X, C), which is an ample 
class, then H 2 rim (X, C) = {x5 + G H 2 (X, C) | a; + y = 0}. 

4.2. Remarks on a mixed Hodge structure for Example 14.21 In this subsection, 
we explain that the filtration 7. in Example 14.21 can be regarded as a weight filtration of 
an R- mixed Hodge structure. See e.g. [22} §3.1] for a definition of the R-mixed Hodge 
structure. Although the result of this subsection is not used in the rest of the paper, it is 
relevant to local mirror symmetry. See Remark 19.111 

Let c G \J— 1R be a nonzero purely imaginary number. Let X and n be as in Example 
[U We set 

A R = {xUe cn | x G H even (X,R)} 

= R(l + cn + jn 2 ^j © R(n + cn 2 ) © # 2 rim (X, R) © Rn 2 . 
We consider the increasing filtration W, on A^ given by 

c Wi = K(n + cn 2 ) © Rn 2 C W 2 = W x © ^ 2 rim (X, R) = W 3 C>V 4 = A R . 
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Notice that Wk <E> C = Ik-i holds. We also consider the decreasing filtration J 7 * on 
£g> C = A given by the degree of the cohomology: 

0cJ 2 = H°{X, C) C T 1 = H°{X, C) © H 2 {X, C) c F° = A . 

Then it is not difficult to check the following 

Proposition 4.3. (i) (W,, J 7 *) is an M.-mixed Hodge structure on A R . 
(ii) If we set 

A v,i = FV(Gy™A) n JXGr^A) (p + q = k), 
then the Hodge decomposition A = ©i<fc<4 @ p + q =k A p,q is given by the following table. 





p = 2 


1 





k= 1 




Cn 


C(n 2 + In) 


2 





tt2 
prim 





3 











4 


CI 









Next we explain that the pairings ( , ), induce a polarization on the above M-mixed 
Hodge structure. We assume the following conditions: 



(4.1) 



h 2 >°(X) = h°> 2 (X) = 0, 
bi(X) is even, 
(J x n 2 = K>0. 

Then the pairing ( , ) is negative definite on H^ x}ia (X,'R). See e.g. [31 §IV, Corollary 
2.15]. 

For simplicity, we set c = 
Grf A R x Grf A R ^ M by 



Qk(x,y) 



-1. Let us define (—1) -symmetric bilinear form Q k 
A) k 



{{Cx,y) k ^ + (-l) k (x, Cy) k ^}, 



where C\ap>9 = {\f— T) p 9 is the Weil operator. Explicitly, Q k is given as follows: 
Qxin 2 , n + y/~-[n 2 ) = K, Q x (n + y/^Tn 2 , n + y/^ln 2 ) = Q^n 2 , n 2 ) = 0, 

Q2(x,y) = ~ xUy , 
Jx 

Q 4 (l,l) = K . 

Then the Hermitian forms H k (x,y) := Q k (Cx,y) are positive definite, and we have the 
following 



Proposition 4.4. Under the conditions (14. ip . (W,, J 7 *, Q.) a graded polarized W-mixed 
Hodge structure on A R . 
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5. Examples II: cohomology of some non-compact orbifolds 

Let X be an algebraic orbifold. We denote by H* rh (X, C) the orbifold cohomology ring 
of X introduced by Chen-Ruan [6]. If X is compact, H* rh (X, C) has the Poincare duality 
pairing ( , ) given by 

(x, y) = x U orb y (x, y G H* lh (X, C)), 
Jx 

where U or b denotes Chen-Ruan's product. It makes H* lh (X, C) into a Frobenius algebra. 
See [6j Theorem 4.6.6]. The following examples can be computed by the results of [4"| [12| 

IS]. 

Example 5.1. Let X = [C d /Zd\ be the quotient orbifold of type 4(1, . . . , 1) (in the 
notation of [19]) and X = P(l, . . . , 1, d) be the d-dimensional weighted projective space of 
weight (1, . . . , 1, d). The latter is a compactification of the former. The divisor D = X\X 
is Poincare dual to dH G H 2 rh (X,C), where H : = ci(Cp(i r .. ) i i d)(l)). If we denote by 
E G H 2 (X, C) the image of the unit class on the twisted sector F(d) of age 1 of the inertia 
orbifold of X, then H* lb (X,C) is isomorphic to C[H,E]/(H d - E d , HE) as an algebra. 
The pairings on H* rh (X, C) are determined by 

(H\ W) = (E\ &) = - d 5 l+hd (0 < i, j < d) , 
= (l<i,j<d). 

(i) First, we apply the nilpotent construction to H* lh (X, C) with the nilpotent element 
n := dH of order d + 1. Then we obtain the following Frobenius filtration on H* rh (X, C). 
The filtration /. of ideals is 

Io = (H) C h = ■ ■ ■ = h = (H,E) C I d+1 = H* olh (X,C) • 
The pairings ( , ). on graded quotients are 

(H\H j ) Q = —S i+ j >d+ x, (E\E j ) 1 = -Si+j,d, (1, l)d+i = d d ~ l - 

(ii) Next, we take the quotient of H* rh (X, C) by the ideal J = (n). The quotient algebra 
is isomorphic to H* lh (X, C) = C[E]/(E d ). The induced Frobenius filtration (I'„ ( , )'.) on 
the quotient is identical to the one on if*(P d_1 ) given in Example 14.11 with m = d. 

Example 5.2. Let X = [C 3 /Z 4 ] be the quotient orbifold of type |(1,1,2) and X = 
P(l, 1,2,4). The latter is a compactification of the former. The divisor D = X \ X is 
Poincare dual to AH e H* lh (X, C), where H := c x {0 p(i,i,2,4)(l))- If we denote by -Ei (resp. 
E 2 ) E H 2 (X,C) the image of the unit class on the twisted sector P(4) (resp. P(2,4)) of 
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age 1 of the inertia orbifold of X, then H* rh (X, C) is isomorphic to C[H, E 1 , E 2 }/ (H 2 — 
E 2 , HE\, 2HE2 = Ef) as an algebra. The pairings on H* Th (X, C) are determined by 

(H\W)= l -5 l+h z 

together with the relations in the algebra and the Frobenius property ( II. ip . 

(i) Applying the nilpotent construction to H* rh (X, C) with the nilpotent element n := 4H 
of order 4, we obtain the following Frobenius filtration on H* lh (X,C). The filtration J. 
of ideals is 

Jo = (H) C h = (H, Ex) ch = I 3 = (if, Ek, E 2 ) ch = H* olh (X, C) . 
The pairings ( , ). on graded quotients are 

(H\ H% = ±5 i+jA , (E l7 E 1 E 2 ) 1 = ~ (E 2 , E 2 ) 2 = i (1, 1) 4 = 8. 

(ii) Taking the quotient of H* Th (X,C) by the ideal J = (n), we obtain the following 
Frobenius filtration on H* vh (X, C) = C[E X , E 2 ]/(E 2 , E 2 ): 

I[ = CEt © CE X E 2 (zl' 2 = l'z = l[® CE 2 c I' A = H* lh (X, C). 

6. The mixed Frobenius structure 

In this section, a manifold is a complex manifold. The holomorphic tangent bundle 
(resp. the holomorphic cotangent bundle) of a manifold M is denoted by TM (resp. 
T*M). All vector bundles on M are assumed to be holomorphic. The space of holomorphic 
sections on an open set U C M of a vector bundle E — > M is denoted by r(Z7, E). We 
mean by T(E) T(U, E) for some open subset U C M. The dual vector bundle of E is 
denoted by E v . 

6.1. Preliminary. We say that a subbundle I C TM is E-closed for a given global vector 
field E on M if 

(6.1) [E,x] e r(i) (x e r(/)) . 

Notice that when this holds, the Lie bracket [E, *] induces a derivation on the quotient 
bundle TM/I. 

We say that a subbundle I C TM is V -closed for an affine connection V if 

(6.2) v z x g r(i) (x er(/) , z g r(TM)) . 



Notice that when this holds, V induces a connection on TM/I. 
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6.2. The Mixed Probenius Structure. Recall the definition of the Frobenius structure 

Definition 6.1. A Frobenius structure of charge D G C on a manifold M consists of 
a structure of the Frobenius algebra (A t , ( , )t) on each tangent space T t M (t G M) 
depending complex analytically on t, and a globally defined vector field E on M called 
the Euler vector field satisfying the following conditions. 

• The Levi-Civita connection V of the metric ( , ) is flat and the unit vector field 
e is V-flat (i.e. Ve = 0). 

• The bundle homomorphism c : TM m — > Om defined by c(x, y, z) = (x,y o z) 
satisfies 

(6.3) (V w c)(x, y, z) = (V*c)(x, y, w) , 

where V is the induced connection on T*M® 3 § 

• The Euler vector field E satisfies WE = (here the leftmost V is the induced 
connection on TM ® T*M) and 

(6.4) [E,xoy]-[E,x}oy-xo[E,y} = xoy (x, y G T(TM)) , 

(6.5) E(x, y) - ( [E, x],y) - (x, [E, y] ) = (2 - D) (x, y) (x, y G Y(TM)) . 

Now we generalize the Frobenius structure to incorporate the Frobenius filtration. 

Definition 6.2. A mixed Frobenius structure (V, E, o, J., ( , ).) on a manifold M of 
reference charge DeC consists of 

• a torsion free, flat connection V on the tangent bundle TM, 

• a global vector field E satisfying WE = called the Euler vector field, 

• a fiberwise multiplication on every tangent space T t M depending complex analyt- 
ically on t such that the unit vector field e is V-flat, 

• a Frobenius filtration (J. >t , ( , ). t ) on every tangent space T t M depending complex 
analytically on t such that Ik are V-closed and i?-closed subbundles of TM. 

These must satisfy the following compatibility conditions. Let tt^ : TM — > TM/I^-i 
be the quotient map and let o k be the induced multiplication on the quotient bundle 
TM/4-i. Let [E, and be the derivation and the connection on TM/I^-i induced 
from [E, *} and V. 

• The connection V and the bilinear forms ( , )k must be compatible in the sense 
that 

(6.6) z(x, y) k = (V^x, y) k + (x, V^y) k (x, y G r(4/4-i), z G V(TM)) . 

2 This condition together with the Frobenius property (11.11) implies that Vc : TM® A — > Om is 
symmetric. 
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• The vector bundle homomorphism c k : I k /I k _i <8> l k jl k -\ ® TM — >■ C M defined by 

(6.7) c k (x,y,z) := (x, ir k (z) o k y) k , 
must satisfy 

(6.8) (V^Xx,^) = (Vfc fc )(x,y,H (x,y e T(I k / 'I k _ x ), z,w e F(TM)) . 

Here V (fc) is the induced connection on (4/4-i) v ® {h/h-iY ® T*M. 

• The Euler vector field E must satisfy 

(6.9) [£, x o k -ir k (z)] k -xo k ir k ([E, z\) - [E, x\ k o k n k (z) = x o k n k (z) , 

(6.10) E(x,y) k - ([E,x} k ,y) k - (x, [E,y] k ) k = (2 - D + k)(x,y) k 

(x, y e r(4// fe _ 1 ), z e r(TM)) . 

6.3. Flat coordinates. We write the conditions for the mixed Frobenius structure in a 
local coordinate expression. 

Let m k (k G Z) be the rank of I k jI k -\. The flatness, the torsion-free condition for V 
and the V-closedness of I k s imply that there exists on M a system of local coordinates 
t ka (k E Z, 1 < a < m k ) which satisfies the following two conditions: 

_ d 



(6.11) 



dt ka 

d 



= (k e Z, 1 < a < m k ) , 



I < k,l < a < mi > is a local frame of I k . 



g t ia 

Now assume that one such system of flat coordinates is fixed. Then we can naturally 

-dt k 



regard {-^}i< a <m k as a local frame of I k jl k _\. We sometimes use the shorthand notation 



ka 9t ka ' 

Let r/ fc ) be the matrix representation of ( , ) k : 

Vka,kb = (^- , g^) k (1 < a, b < m k ) , := (r) kaM ) . 

Let C 3 k c a lb be the structure constant of the multiplication: 

_d_ o _d_ = V G j C _d_ 

Q t ka dt lb ka,lb d pc ■ 
j£Z, l<c<rrij 

Let us write the Euler vector field E as 

(6.12) E= Rka 9 



dt ka ' 

kdlj, l<a<mfe 

Then the conditions are summarized as follows. (We omit the associativity and the 
commutativity conditions.) 
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• is a symmetric invertible matrix since ( , )k is symmetric and nondegenerate. 
It is a constant matrix by (16.61) . 

• The condition that Ik is an ideal is equivalent to C 3 k c a lb = if k < j or I < j . The 
compatibility of ( , and the multiplication (see (I2.ip ) is equivalent to 

(6-13) 2J Clc d kbVkd,ka = 2j ^kaVkdMb ■ 

l<d<mfe l<d<mj; 

• The condition (16. 8p (with the nondegeneracy of r/^) is equivalent to 



(6.14) 



Q£jd ka,lc Qf-lc ka,jd 

d -,Ct" =0 (j < fc) 



• VV-E = and E'-closedness of I^'s imply 

(6.15) - . - „ E ka = ( v /,j) , — £^ = (Z<Jfe) 

• Eq. (l6.9p together with (I6.14p . (I6.15P is equivalent to 

(6.16) E d i°( Eidc flk b ) - E c tU 9 ^ Ekc )+ E c£m(^ w ) = c; 

j>fc, l<d<mj. 
l<ef<m, 



fcc 

la,kb ' 



• Eq. (l6.10p is equivalent to 

(6.17) E (Vkb,kMaE kc ) + Vka,kMbE kc )) = (2 - D + k) rjka,kb • 

l<c<m fc 

6.4. Mixed Probenius structure on a transversal slice. Let (V, E, o, J., ( , ).) be 

a mixed Frobenius structure of reference charge D on M. Let be the rank of Ik/Ik-i- 
Fix a system of flat coordinates t ka (k e Z, 1 < a < m^) on M (see (16. lip ). Since each 
subbundle Ik C TM is involutive, it defines a foliation on M. Let be a leaf, i.e. 

(6.18) M k = {t la = constant | I > k} . 
Let 

M (k+i) = { t la = constant | [ < ^ 1 < a < m z } C M . 

This submanifold is transversal to the leaf Mf.- Then this determines the direct sum 
decomposition TM = TM^ +1 ) © I k and we have the isomorphism TM {k+ ^ = TM/ Ik- 
Let be the vector field on M^ 1 ) induced from the Euler vector field E: if we use 
the flat coordinate expression in (16.121) . 

E (k+i) = E la — ( iust drop the terms for m < k in E I . 

i>k+i, 

l<a<m; 

This is a well-defined vector field on M^ k+l ^> since i?' a (Z > k + 1) is independent of t mb 
(m < jfe), see (ETI5) . 
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Lemma 6.3. (V (fc+1) , £ (fc+1) , o fe+1 , I,/ Ik, ( , ).) is a mixed Frobenius structure of 
reference charge D on Af( fc+1 ) . 

7. Construction by a nilpotent vector field 

7.1. Construction by a nilpotent vector field. Let (o, ( , ), i?) be a Frobenius 
structure on a manifold M of charge D. Let V be the Levi-Civita connection of the 
metric ( , ). Assume that there exists a global vector field n satisfying the following 
conditions: 

n d = nono---on = , n d ~ l ^ , 

d times 

(7.1) [E,n} = 0, 

(7.2) V(tioj)=noVi (x G T(TM)) . 

The condition (I7.2p implies that the map n o : TM — > TM is a flat bundle homomor- 
phism. So the ranks of the kernel and the image of no are constant. As in (13.11) . we 
define 

I = Im (n o) , J k = Ker {n k o) (1 < k < d) . 
Let I — I, I k — I + J k . 

Lemma 7.1. /, Jk,Ik are V '-closed and E-closed. 
Proof. 1. I is V-closed: for i = noi6 r(J) and any vector field y, 

V y x = V y {n o x) = n o s G r(J) . 

2. Jfc is V-closed: 

x G r( J fe ) <^> n fc ox = => ^oVji? V^(n fe o x) = <^> x G T( J fc ) . 

3. / is E'-closed: for x = n o x G T(J), we have 

[.E, x] = [E,no x] ox + no + nox no([£,i] + i) G r(J) . 

4. Jk is .E-closed: by (16.41) . (17.11) and the induction on k, we can show that 

(7.3) [E, n k ] = (k - l)n k (1 < k < d) . 
We have 

x G r( J k ) <^> ti fc oi = => n k o [E, x] = [E, n k o x] - [E, n k ] o x - n k o x = . 

□ 

Define the bilinear form ( , on Ik/Ik-i by (13.11) . Then we have a Frobenius filtration 
of subbundles (/,,(, )• ) on TM. 
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Theorem 7.2. If (o, ( , }, E) is a Frobenius structure on M of charge D with a nilpotent 
global vector field n satisfying (17.1 p and (17. 2p . then the Levi-Civita connection V, the 
Euler vector field E, the multiplication o and the Frobenius filtration (I,, ( , ).) (defined 
in Eg. (13 .ip and Definition ^. 1\) form a mixed Frobenius structure on M of reference charge 
D + l. 

Proof. We have to check the conditions ( KTgj) . (ESJ) and (ISTTUj) . 

We first show the case fe > 1. For x,y E T(I k /I k -x) (k > 1), take representatives 
x,y G r(Jfc). Let if be vector fields on M. 

Eq. ([HID : 

z(x,y) k =z(x,y on k ~ l ) 

= (V Z x,yo n k - 1 ) + (x, V z (y o n^ 1 )) 

^(V g x,yon k - 1 ) + (x,(V z y)on k - 1 ) 
= (V^x,y) k + (xM^y)k. 

Eq. §M> ■■ 

(V w c k )(x,y,z) =w(x, yo k -K k (z)) k - (V {k) x, y o k ir k (z)) k 

- (x, Tx k (z) o k \7 {k) y) k - (x, y o k n k (V w z)) k 
=w(x, y o z o n k ~ l ) — (V w x, y o r^ -1 o z) 

- (x, zo n k ~ l o V w y) - (x, y o n fc_1 o V w z) 

^iy w c)(x, n k ~ l °y,z)^ (V z c)(x, n k - 1 o y, w) 
=(V z c k )(x,y,w) . 
Eq. (EU): by (IB^jl . we have 

[E, x o z] — x o [E, z] — z o x] o z = x o z . 

Applying the projection ii k : TM — > TM// fc _ 1 to the both sides, we obtain (16. 9p . 
Eq. (DD : 

E(x, y o n k - 1 ) - ( [E, x], y o n^ 1 ) - (x, [E, y] o n k ~ l ) 

^E(x, y o n k ~ l ) - { [E,x),yo n^ 1 ) - (x, [E, n k ~ l oy]-yo[E, n^ 1 ] - y o n k ~ l ) 

iP(2 - L>) (x, y o n k - 1 ) + (x, y o [E, n k ~ 1 }) + {x,yo n^ 1 } 

^(l-D + k)(x,yon k - 1 ) . 
This implies 

E(x, y) k - ( [E, x] k , y) k - (x, [E, y\ k ) k = (!-£> + fc)(z, y) k . 
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Next we show the case k = 0. Let x = no x, y G Recall that (x, y)o = (x, y). 

Eq. f )6.6p : since V 2 x = V z {n o x) = n o \7 Z x by (17. 2p . we have 

(Vf x, y) + (x, V< 0) y) = (V, x, y) + (x, V 2 y) = z(x, y) = z(x, y) . 

Eq. (I6.8p : since V 2 x = n o V 2 x, 

(V^c ) (x, y, z) =w(x, yoz) - (V£ 0) x, y o z)„ - (x, zo V^ 0) y) - (x, y o V£ 0) z) 
= w(x, yoz) - (V w x, yoz)-(x, zo \7 W y) - (x, y o V w 2) 
=(V U , c)(x, y, z) = (V z c)(x, y, w) 
=(y g co)(x,y,z) . 
Eq. (16. 9p follows immediately from (16.41) . 

Eq. (I6.10p : notice that [E, x] = n o ([E, x] + x) holds by (16.41) . Therefore 

E(x, y) - ([E, x],y) - (x, [E, y]) =E(x, y) - ([E, x] +x,y)- (x, [E, y\) 

^(2-D)(x,y)-(x,y) 
= (1-D)(x,y) . 

□ 

7.2. Quotient construction. Next we apply Lemma [6.31 to the mixed Frobenius struc- 
ture obtained in Theorem 17.21 with k — 0. 

Corollary 7.3. If(o, ( , ),E) is a Frobenius structure on M of charge D with a nilpotent 
global vector field n satisfying (17. ip and (17.21) . then (V^\ E^\ o x , I./Iq, ( , ).) a 

mixed Frobenius structure of reference charge D + 1 on M^ 1 ' . 

Examples of this construction can be found in £0 and §101 

8. Deformed connection 

In this section, we define an analogue of the deformed connection of the Frobenius 
structure [10] for the mixed Frobenius structure. Let (V, E, o, J., ( , ).) be a mixed 
Frobenius structure on M of reference charge D and let t ka (k G Z, 1 < a < rrik) be a 
system of local flat coordinates satisfying (16.111) . 

8.1. Operators. Define endomorphisms U, V : TM — > TM by 

(8.1) U(x) = Eox, V{x) =V X E -^—^-x . 

Lemma 8.1. If x G T(I k ), then U(x) , V(x) G T(4). 
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Proof. If x G r(ifc), = E o x r(Ifc) since is an ideal. 
If x G r(ifc), we have 

= [E,x] -V E x er(/ fc ) , 

by the torsion free condition for V and the assumptions that I k is Enclosed and V- 
closed. □ 

The above lemma implies that U, V induce endomorphisms U^ k \ on Ikjl k -\- in 
the local flat coordinate expression, 



E E ^CJU 5 : 



l<6<m; l<c<mj 



l>k, l<C<7Tlfe 

l<b<m ; 
l<6<m ; 

V (fc) (4a)= E (^a^Hfc - ^y^9 fco . 
l<6<mj. 

Remark 8.2. The assumption VVi? = implies VV = 0. In other words, the matrix 
representations of V and with respect to the flat basis {dk a } are constant matrices. 
Notice also that the condition (I6.10p is equivalent to 

(8.2) (yW(x),y) k + {xM k \y))k = Kx,y) k . 

8.2. Deformed connection. Let M = M x C* and let h be the coordinate of C*. For 
a holomorphic vector bundle E — > M, T(E) denotes the space of holomorphic sections of 
E on some open subset U C M. 

Recall that itk : TM — >■ TMjIk-i is the projection and that and o k are the 
connection and the multiplication on TM/4_i induced from the connection V and the 
multiplication o . 

Definition 8.3. Define a connection V (fc) on I k /h-i E TC* — > M by 

Vi k) y = V?' y + ft 7r fc (x) o fc y (x G f (TM), y G f , 



(8.3) vf y = ft y + W( fc )(y) + 1 (V<*>(y) - \y\ 



h 

vi k \d h ) = vP(d h ) = o. 
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We write for V ffi with x = di a . In the local flat coordinate expression, 



^\9ka) = h E C k C a,i b dkc (this is zero if l< k by (J6H) 

l<c<mj. 



^•4) l<c<m fc 

l<b<m ; 



+ i( E (^ fc6 )^c- 2 ~^ + ^ fc a 
l<fe<mfe 



Proposition 8.4. TTie deformed connection /Zai. 



Proo/. Let fi(*> be the curvature of V (fc) . We first show that ft (fc) (<9 /a , 9 i6 ) = |(V^ ; V^ ; - 
V^V^) = 0. By the first equation in f !8.4j) . it is immediate to check that Q( k \di a , djb)(dk c ) 
if Z, j < k. If / < k and j > k, 



l<d<mj; l<d<mfe 



If/,J>fc, 



fi (fc) (^,^)(9 fcc ) = V; a fc) ( £ ^A)-(Iaf>j6) 

l<(f<mfc 



l<d<mfc 

+ H (^jb,kc^la,kd ~ ^la,kfi%,kd) &kf = 

l<d,f<rn k 



by (I6.14p and the associativity. 

Next we show & k \d la ,d h ) = -(V^V^ - Vj^VfJ) = 0. By the second equation in 
(JE3D, ( E5D and dSH, if Z < k, we have 



n W ($.A)(fcc) = E (^a(^' 6 C£ i6 ))^ = 
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If I > k, we have 

2 - D + k 



vL fc) vf(9 fcc )= y: ( E ^(^g i6 )+ E ^V^^-^^^ic)^ 

l<b<m.,- 

+ ^ E ( E E E3b c^ d ct%)d k 



l<6<m. 



+ ^ E ( E E ^fiAt i6 )^/. 

l</<rrtfc l<d<mj; J>fc, 
l<6<mj 

Thus by (I6.16P and the associativity, we obtain 

n (fc) (a.,aO(ftc) = v^vf\d kc ) - V^\d kc ) = . 

8.3. Deformed flat coordinates. 



□ 



Proposition 8.5. There exists a system of local coordinates t ka (t, H) (k G Z ; 1 < a < ink) 
on M satisfying the following conditions: 

d 

l<k,l<a<mi} is a local frame of I k 



dt la 



Proof. Let Ann^ C T*M be the annihilator of l k . 

Ann fc := {x G T*M | x(y) = , y y G 4} . 

Its local frame is given by dt la (I > k). Notice that the dual bundle of I k /I k -i is isomorphic 
to Annfc_i/Annjfc. We use the same notation V*-^ for the induced dual connection on 
Ann^x/Amife IE T*C* M. 

The V (fc) -flatness condition V (fc) £ = for a section £ = ^i<a<m fc £k a dt ka G f(Ann fc _i/Ann fc ) 
is equivalent to 



di h (i k a) = h E C ibM^c and 

l<c<rrifc 

( 8 - 6 ) . . If ^ ,„ 



<9ft(6:a) = E E EWC lb,ka£kc + ^( E (^fca^^fcc ^ + 6 



l<b<m( 
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The first equation in (I8.6p implies that d^ka — dka^kb and d^ka = if / < k. Therefore if 
= 0, there exists a local function i = t(t, h) on M satisfying dk a t = £,ka and di a i = 
(I < k). In other words, there exists t(t, K) such that 

dt = £ + terms involving dt lb (I > k) and dh. 

Since is flat, there exists a local frame {p ka (t, H) | 1 < a < m^} of Ann^-i/Annfe Kl 
T*C* — > M such that V ( - fc - ) p fca = 0. From the argument in the previous paragraph, we see 
that there exist local functions t ka (t, h) (k G Z, 1 < a < m^) satisfying the following two 
conditions: 

{dt {la) \ l>k,l<a<mi} is a local frame of Annn, 

p (fco) = £(ka) m()d dt lb (/ > dH. 

These t^ ka,S) (t, h) satisfy the conditions in the above proposition. □ 

9. Local quantum cohomology of weak Fano toric surfaces 

Let S be a weak Fano toric surface. We define the local quantum cup product on the 
cohomology H*(S,C) using genus zero local Gromov-Witten invariants and construct a 
Frobenius filtration and a mixed Frobenius structure. 

First we recall basic facts about the quantum cohomology in §9.11 Then we state the 
results in §9.21 In §9.31 §9.41 and §9.5l we explain that they can be obtained by the quotient 
construction ( §3.21 §7.3p from the quantum cohomology of the projective compactification 
V of the canonical bundle K$- 

9.1. Quantum cohomology. Let V be a nonsingular projective variety. M 9jn (V,/3) 
denotes the moduli stack of genus g, n-pointed stable maps to V of degree (3 G H 2 (V, Z). 
Its virtual dimension is 

(9.1) (l-0)(dimV-3)- / a(K v )+n, 

h 

where K v is the canonical bundle of V. Let evi : M 9jn (V, (3) — > V be the evaluation map 
at the i-th marked point. 

Fix a basis of the even part H even (V, Q) of the cohomology H*(V, Q): 

(9.2) r = i , Ti, . . . , ry , r r +i, . . . , . 

H 2 (V) H> 4 {V) 

The dual basis with respect to the intersection form is denoted {T/}, i.e. 

/ r, u ry = 8 id . 

Jv 

Let t°,...,t s be the coordinates of H even (V, Q) associated to f l9~2|) . 
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Definition 9.1. The Gromov-Witten potential of V is denned by 



oo „ n 

*(';*) = £ £ ^(/_ n^)^ 

i=0 

Here q is the parameter associated to H 2 (V,Z) and [M 0<n (V, (3)} mr is the virtual funda- 
mental class. 

Recall that the contribution $ c ; from /3 = in $(£ ; g) is given by the triple intersection 
because of the point mapping axiom (see [T7J §2], also [El Chapter 8], for axioms of 
Gromov-Witten invariants): 

s j-jj.jj.fc r 

^= £ / r * ur . ur *- 

Definition 9.2. The quantum cup product o t is defined by 



(9-5) ^^^E^IL^ (0<i,i<-). 



fc=0 

We call (H even (V), o t ) the quantum cohomology of 1/ 
The intersection form ( , ) is defined by 



(9.6) (r*,r i >= / : 

Jv 

Then (H even (V), o tj ( , )) is a Frobenius algebra. 
Define the vector field E on M = H*(V, C) by 



r, : u r, . 



i=0 i=l 

Here the numbers £j are coefficients of Tj in —ci(Ky): 

r 

- Cl {K v ) = ^ i r i . 

i=i 

Theorem 9.3. (o, ( , ),E) defined in (I9.5p . (I9.6P and (\9.7\i is a Frobenius structure on 
M = H*(V, C) of charge dim V flU], see also $2T\). 

Remark 9.4. When V is a smooth projective toric variety, the convergence of the 
Gromov-Witten potential (19. 3p was proved by Iritani [111 Theorem 1.3]. We only deal 
with such cases in and SfTUl 



3 Usually the quantum cohomology refers to a superalgebra structure on H*(V) and the quantum 
cohomology considered here is its subalgebra. For our purpose, this is sufficient because H*(V) = 
H even (V) for nonsingular toric varieties V which we deal with in <J3 i jlQI 
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9.2. Results. Let S be a weak Fano toric surface. Let 7 r+ i G H A (S, Z) be the Poincare 
dual of the point class and 70 = 1 G H°(S). Let 71, . . . , 7 r be a basis of H 2 (S, Z). Define 
the integers Cij, b iy b^, k (1 < i, j < r) by 



(9.8) 



= / 7i U 7,- , -ci(i^ 5 ) = Y]6i7i , 

J s i=l 

r » r r 

&V = ^&jCji , K — I C^Kg) 2 = ^ b i b j°ij = ^2 b i b - 

.7=1 i,7'=l i=l 



where Ci(ifg) is the first Chern class of the canonical bundle K$- Notice that the matrix 
(cjj) is invertible. Notice also that k > holds for weak Fano toric surfaces. 
Consider the filtration on H*(S, C) by subspaces 

(9.9) = J C h = C ci(#s) © H\S) C I 2 = H 2 (S) © H 4 (S) = I 3 c J 4 = #*(£) , 
and the following bilinear forms on Ik/Ik-i'- 

(ci(fCs),7r+l)l = 1 , (ci(K S ),C 1 (K S ))l = (7r+l,7r+l)l = > 

(9.10) ( 7 . ;7 .) 2 = Ci3 ._^I (l<z,j<r), 
(70,70)4 = « • 

Example 9.5. (i) For S = P 2 , r = 1. If we take 71 = Ci(C p2 (l)), then c n = 1, h = 3, 
&i = 3, k = 9 and 72 = 7i U 71. The filtration (19. 9 j) is 

C /1 = C71 © C72 = I 2 = I 3 ch = H*(F 2 ) . 

The bilinear forms (I9.10p are given by 

(7l,72)l = ~g , (70,70)4 = 9. 

These agree with Example 14.11 with m = —3 if the filtration is shifted by one. 
(ii) For S = P 1 xP 1 ,r = 2. If we take 71 = Ci(C P i(l) H £> P i) and 72 = Ci(£> P i K P i(l)), 
then C12 = 1, cn = c 22 = 0, b x = b 2 = 2, b\ = b% = 2, k = 8 and 73 = 7i U 72, 
71 U 71 = 72 U 72 = 0. The filtration (19. 9 p is given by 

h = C( 7l + 72) © C73 , h = C71 © C 72 © C73 . 

The bilinear forms (I9.10p are given by 

1 1 

(271 + 272,73)1 = -1 , (71,71)2 = — = (72,72)2 , (71,72)2=2' (70,70)4 = 8. 

These agree with Example 14.21 with n = —271 — 272 if the filtration is shifted by one. 
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Next we define the local Quantum cup product. Let M g ^ n (S } (3) be the moduli stack of 
n-pointed genus g stable maps to S of degree (3 G H 2 (S,Z), evi : M g ^ n (S,(3) — > S be the 
evaluation map at the i-th marked point, /i : M g) i(S,/3) — > M gt0 (S,/3) be the forgetful 
map. 

Definition 9.6. For an effective class (3 G H 2 (S, Z) satisfying — c\{K~s) > 0, we define 
(9.11) Np = [_ e{R l ^ev{K s ) . 

J{M , (S,P)] vir 

Here e stands for the Euler class. For other (3 G H 2 (S,Z), we just set Np = 0. We call 
Np the genus zero local Gromov-Witten invariants of degree (3 of S. 

Remark 9.7. For S = P 2 , let C x G H 2 (F 2 ,Z) be the dual of 71 = Ci(C p2 (l)). Then 
Nd := NdCi — if d < 0. For d > 1, the numbers iV^ can be found in [7J Table 1]. The 
numbers % there is related to N d here by 

Here the sum is over all positive integers k which are divisors of d. For example, N± = 

n — 3 AT — n 1 ™i — 45 A/ — ti 1 «i _ 244 m _ , na 1 H — 12333 

rii — o, iv 2 — ri2 + 2T — — g-, JV 3 — ri3 + — — , iv 4 — ri4 + + ^ — — 

For 5 = P 1 x P 1 , let 71,72 be as in Example 19.51 Then N dl ^ 2 := N dlCl +d 2 c 2 = if 
di < or d 2 < or d% = d 2 = 0. For other (di, d 2 ), the numbers Nd 1} d 2 can be found in 
[7J Table 9]. The numbers n dl ,d 2 there and N dltd2 here are related by 

AT n di/k,d 2 /k 

- 2^ — p — ' 

fc|di,d 2 

where the sum is over all positive integers k which are common divisors of d±,d 2 - 

Let {Ci, . . . , C r } be the basis of H 2 (S, Z) dual to 71, ... , j r . 

Definition 9.8. The local quantum cup product on H*(S,C) is the following family of 
multiplications o t parameterized by t — (t±, . . . , t r ) : 

70 °t li = li , 70 °t lr+1 = 7r+l , li °t 7r+l = 7r+l °t 7r+l = , 



(9.12) 



H o t 7j = (cij - & ^ b ' ^ N P eP t ) ^+1 ^ ^ *> ^ r ) 



where f3 - t = YZ=i P%U and & ' P = Y7i=i kfc- 

Notice that Ik in the filtration (19 .9ft are ideals with respect to this multiplication o t . 

Proposition 9.9. Regard H*(S,C) as an algebra by the the local quantum cup product 
(I9.12p . Then the sequence (19. 9p and the bilinear forms (I9.10p form a Frobenius filtration 
on H*(S,C). 
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Let M = H*(S, C) and let t°, t 1 , . . . , t r , t r+l be the coordinates associated to the basis 
7o, 71, . . . , 7 r , 7r+i- We identify each tangent space T t M with H*(S, C) by ^ i— > 7$. 
Let V be the trivial connection on TM such that -JL are flat sections. Let 



Theorem 9.10. The connection V, the above E, the multiplication (I9.12p and the Frobe- 
nius filtration (19. 9p and (19 . 10[) form a mixed Frobenius structure on M = H*(S,C) of 
reference charge four. 

The proofs of Proposition 19.91 and Theorem 19.101 will be given in §9.3[ §9.4[ §9.51 by 
applying the quotient construction to the quantum cohomology ring of the projective 
compactification V of Kg- 

Remark 9.11. In this example, the operator V = VE — "^p- = — ^ + 2 is diagonalizable 
and eigenvalues are integers. Therefore other than the Frobenius filtration we can 
consider the decreasing filtration T* on H*(S, C) defined by 



This J 7 ' is the same as the one in §4.21 Moreover Ik (here) = W4 <8> C with n = q(Ks). 
They agree with the Hodge filtration and the weight filtration of the mixed Hodge struc- 
ture for the corresponding local B-model under an appropriate vector space isomorphism 
(see [TBJ Theorem 4.2] and references therein). 

Finally, let us write down the deformed flat coordinates. Assume that 7^ 0. We take 
the following flat coordinates so that the condition (16.111) is satisfied: 



Jtp = the eigenspace of V with eigenvalue p . 

p'>p 



t 



T+l 




k=l 




(1 < k < r- 1), 



l<j<r 



i<j<r 



t' 



.0 



Then the associated frame of TM is 









(1 < k < r- 1) , 



du k 
_d_ 
dtP ' 
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Here {d t r+i,d u r} is a frame of Ii, {d u k} (1 < k < r — 1) is a frame of I2/I1 and d t o is a 
frame of Zj/Js. 

Solving the flatness equation for (1 < k < 4), we obtain the following deformed 
flat coordinates. 



(9.13) 



u r = Vhe ht °u r , 
u k = e ht °u k (1 < k < r - 1) 



t° = e ht ° . 

Details of the calculation can be found in 

9.3. Quantum cohomology of V = F(O s ®K s ). Let V = F(O s ®K s ) be the projective 
compactification of the canonical bundle K$ of a weak Fano toric surface S and pr : V — > S 
be the projection. Let Tj = pr*7j (0 < % < r + 1) and let Ao be the Poincare dual of the 
infinity section. Set Aj = Tj U Ao (1 < i < r). We have the following basis of H*(V, C): 

(9.14) r r 1; ... r r , Ap r r+1 , Ai, . . . , a, A r+1 . 

H°(V) H 2 {V) H*(V) H 6 {V) 

The cup product U can be calculated by the intersection theory of toric varieties. The 
unit is r , Tj U A = Aj by definition (1 < i < r + 1) and 

Tj U Tj = CijT r+1 , Tj U r r+1 = , Tj U Aj = Cy A r+1 , 

(9 15) r 

A 2 = J2 fe A , A U A,- = 6V A r+1 (1 <i,j<r). 

i=l 

Other products vanish by the degree reason. The intersection form ( , ) can be obtained 
from J y A r+1 = 1 and the above cup product. Explicitly pairings which do not vanish 
are: 

(r ,A r+1 ) = i, (A ,r r+1 ) = i, 

(9.16) 

{Y u A,) = a, , (A , A,) = b] (1 <i,j<r) . 

Let A = (ajj) be the inverse of the matrix (cf/)i<ij< r . The dual basis of (19. 14ft is given 
by the following. 

r 

Tq = A r+ i , = ^ a ij^j ~ biT r+ i , Aq = r r+ i , 

9.17 

r r v +1 = A - Wk , a,' A, v +i = r . 

fc=i j=i 
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Now consider the Gromov-Witten potential s ; q) (see ( 19 .3 j) ) and the quantum cup 
product f)9.5p of V. To be concrete, let us fix a basis of H 2 (V, Z) as follows. Let i : S — > V 
be the inclusion as the zero section of Ks C V and C[ = i*Ci (1 < i < r). Let C be 
the fiber class of pr : V — > S. Then {C' , C[, . . . , C^.} is a basis of H^iV, Z) which is dual 
to the basis {A , r 1; . . . , T r } of H 2 (V, Z). Let g« (0 < i < r) be parameters associated to 
Cq, C[, . . . , C' r . The parameter g' 3 in ( 19. 3 p is written as 

r r 

/ = J] gf for = ]T ftC<; . 

i=0 i=0 

Lemma 9.12. We have 

i,j=l i=l 
1 r 1 

(9.18) ''j';'.^ + 2 E ^ s o , 

$ = iVj e' 3 V , where Nj = ! 1, 

$! = 0(g o ) • 

Proof. We decompose the Gromov-Witten potential $ into three parts: $ c j which is the 
contribution of (3 = 0, $ which is the contribution of homology classes (3^0 with (3 = 0, 
and the remaining part $i which is the contribution of (3 with (3$ ^ 0. 
$ C £ can be computed by (19 .4p . 

In $i, the terms with (3 < vanish because such (3 are not effective and the moduli 
stack M 0tn (V,f3) is empty. Therefore $i = C(go)- 

Notice that since — ci(Ky) = 2A , the virtual dimension ( 19. ip of M ^ n {V, (3) is 2/3 +n. 
If /So = 0, 

» n „ n r 

_ T\ev*t= _ T[ev*t' (t' = Vt^ + soAo 

V i=i 7 ^[M ,o(V,/3)]"^ 



Here the first equality follows from the degree consideration and the fundamental class 
axiom, the second equality follows from the divisor axiom. This proves the equation for 
$ . □ 
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We consider the specialization g r+1 = 0, and set q\ = ■ ■ ■ = q r = ljj Then by Lemma 
19. 12\ we see that the quantum cup product (19.51) reduces to 



r 

(9.19) r i o t v j = c ij r r+1 + J2( ^ fa^faNj e^vl (i<i,j< 

k=l 0=p 1 C 1 +-+p r C r 

Other products are the same as the cup products. 

9.4. Proof of Proposition 19.91 We apply the quotient construction ( §3.11 and §3.2[) to 
the Frobenius algebra 77*(V,C) with the multiplication ( I9.19P and the intersection form 
(I9.16p . Since the multiplication by A with respect to o t is equal to the cup product 
with A , it is immediate to check that A is nilpotent of order d — 4. Let 7 be the ideal 
generated by A : 

r 

(9.20) 7 = CA © CAi © CA r+1 . 

i=l 

Then following the construction in §3.14 we compute 7& = Ker Aq : 

r 

j 1 = cr r v +1 ©0cr l v ©CA r+1 , 

i=l 

J 2 = C(Ti - A ) © CT r+1 © CAj © CA r+1 , 

i=l K i=l 

r r 

J 3 = CTj © CA © Cr r+1 CAi © CA r+1 = H^ 2 (V) D 7 , 

i=l i=l 

J 4 = CT ®J 3 = H*(V) . 
So 4 = 7+ J k (k = 1,2,3,4) are 
Io = I, 

r 

h = cr f v +1 © ca © cr r+1 © (T) ca, © CA r+1 , 

(9.22) )t[ 
I 2 = I 3 = H^(V) , 

7 4 = 77* (V) . 



(9.21) 



4 Since (1 < i < r) appears in <£>o always in the combination e 4 one can always recover q\, . . . , q r 
in $ - 
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The induced bilinear forms ( , on I^/Ik-i are as follows. 

k = (A ,A r+1 ) = (A ,r r+ i) = 1 , 

(At, A^q = (A^Tj) = c i:j (1 <i,j <r) , 

fc = i ([r r v +1 ],[r r+1 ]) 1 = (r r v +1 ,r r+1 ) = i, 
(9 23) (IT^il.trXt-xDi = (^11,^11)1 = 0, 

k = 2 ([r<], [r i ]) 2 = ((r* - ^a ) o t (r, - ^a ), a 

= c^ — (l<?,j<r), 

A; = 4 (tr ],[r ])4 = (rouro,Ag) = «. 

By Proposition 13. 3[ these form a Frobenius filtration on H*(V,C). 

Notice that the quotient space H*(V,C)/I is canonically isomorphic to H*(S,C) since 
I is the kernel of the pullback l* : H*(V, C) -»■ if* (5, C) by the inclusion i:S4if s cK 
The isomorphism is given by t*Tj = 7, (0 < z < r + 1). 

Lemma 9.13. The multiplication (19.191) induces the local quantum cup product (19.121) on 
H*(S,C) = H*(V,C)/I. 

Proof. Since l*(T^) = —b^r+i (1 < & < r), the induced multiplication becomes 

li °t 7j = Cij7r+i - ^2 ■ 0) Nje M 7 r+1 . 

Then the lemma follows from the fact that iVj is equal to the genus zero local Gromov- 
Witten invariants Np if b ■ /3 ^ [13 Proposition 2.2]. □ 

It is clear that the Frobenius filtration (I9.22p . (19.231) on H*(V, C) induces the filtration 
(19. 9p on H*(S, C) and the bilinear forms (I9.10p . By Corollary 13. 5 [ they form a Frobenius 
filtration on H*(S, C). This finishes the proof of Proposition 19.91 

9.5. Proof of Theorem 19.101 By Theorem 19.31 H*(V,C) has the Frobenius structure 
of charge three consisting of the quantum cup product ( 19.191) . the intersection form ( 19.161) 
(hence the trivial Levi-Civita connection), and the Euler vector field 

4 + 2^-f +1 A-r^-2/ +1 9 



dt° ds° dt r+1 4^ ds* ds r+l 



i=i 



If we consider the submanifold of H*(V, C) defined by s° = s 1 = • • • = s r+1 = 0, it is 
naturally isomorphic to H*(S,C). Then Theorem 19. 101 follows from Corollary 17.31 
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10. Local quantum cohomology of P 3 

In this section, we construct a mixed Frobenius structure on the cohomology of the 
projective space P 3 similar to the one in §|9j 

10.1. Results. Take the following basis of the cohomology if*(P 3 , C): 

7o = 1 , 7i = Ci(O p3 (l)) , 72 = 7i U 7i , 73 = 7l U 72 . 

Let t°, t 1 , t 2 , t 3 be the associated coordinates. We identify ^(P 3 , ^) with Z by j3 h-> L 7i- 
We consider the following filtration on H*(F 3 ). 

io = 0, 

(10.1) h = ■ ■ ■ = h = #- 2 (P 3 ) , 

J 5 = H*(¥ 3 ) . 

On the graded quotients, we consider the bilinear forms: 

(-1 (k + l = 4) 
h/h ■ (lk,Jih = \ 

(10.2) [0 (k + l^4) 

h/h : (M) 5 = 4 3 . 

Next we define the local Quantum cup product. Let M 9i „(P 3 , (3) be the moduli stack of 
n-pointed genus g stable maps to P 3 of degree E H 2 (¥ 3 , Z) ^ Z, ev { : M fl>n (P 3 , 0) -»■ P 3 
be the evaluation map at the i-th marked point and \x : M 9i2 (P 3 , /3) — > M 9i i(P 3 , /?) be the 
forgetful map. 

Definition 10.1. For /3 7^ 0, we define the genus zero local Gromov-Witten invariant 
N p 6 Q of degree /3 G # 2 (P 3 , Z) by 

(10.3) N P : = l_ e<7 2 Ue( J RV*e^Op 3 (-4)) . 

J[A/ ,i(P 3 ,/3)]""' 

Remark 10.2. If /3 < 0, A73 = holds because the moduli stack M 0j i(P 3 ,/3) is empty. 
For (3 > 0, A^g can be computed by localization. For example, N% = —20 and N 2 = —825 . 
The numbers are computed in [20, Table 1]. The integers n /3 there are related to Np by 

N f> ~ Z, ~jr » 

d|j8 

where the sum is over all positive integers d which divide /?. 
Definition 10.3. Let 

(10.4) ^(^-^iV^ 1 . 

/3>0 
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The local quantum cup product o t on H*(F 3 , C) is the family of multiplications given by 

2 <9 3 <3> 

(10.5) 7 * o t 7j = 7 , U 7i - 4 ^ opo^ • 

fe=i 

More explicitly, the local quantum cup product is given by 

lo°t = 7oU , 73°t = 73U , 
7i o t 71 = 72 - 4 ( £ /3 2 iV, e^ 1 ) 72 - 4 (t 2 £ /? 3 A73 ) 73 

/3>0 /3>0 

;io.6) 



71 °t72 = 73 -4[ iV /? e J 73 > 
/3>0 

72 °* 72 = . 

Proposition 10.4. Regard if*(P 3 ,C) as an algebra by the local quantum cup product 
(jl0.6p . TTien t/ie filtration (110. ip and £ae bilinear forms (110. 2p /orm a Frobenius filtration 
on F*(P 3 ,C). 

A proof will be given in §10.31 

Regard M = if*(P 3 ,C) as a manifold. We identify each tangent space T t M with 
iJ*(P 3 ,C) by ^ i-> 7j. Let V be the trivial connection on TM such that -j^ are flat 
sections. We set 

Theorem 10.5. The connection V, the vector field E, the local quantum cup product 
(110. 6p and the Frobenius filtration (110. ip and (110.21) form a mixed Frobenius structure on 
M of reference charge five. 

A proof will be given in §10.41 

Finally, let us compute the deformed flat coordinates. They turn out to be 



t° = 


1 




h 


j 


i 1 = 


he ht °t l 


t 2 = 


e ht °[t 2 


p = 




+ 


h 


r^ 1 ) 3 


2 


1 3 



(10.8) "* /3>o 



/3>0 



/3>0 P /3, 7 >0 M 1 



Details of the calculation can be found in 
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10.2. Quantum cohomology of V = P(£> p3 © p3 (-4)). Let V = P(O p3 © £> p3 (-4)) 
be the projective compactification of the line bundle 0{— 4) — > P 3 . Let pr : V — > P 3 be 
the projection and let Tj = pr*7j (0 < i < 3). Let A G H 2 (V, C) be the Poincare dual of 
the zero section of p3 C V and Aj = A U T; G F 2(i+1) (V, C). The cohomology H*{V, C) 
is spanned by the basis 

(io.9) r„ = i, r^Ao, JW^, 

H 2 (V) H 4 (V) 

The cup product is given as follows. 



Vt u Vj 




(10.10) Aiur 



j 




A, U Aj 



4A i+J+1 (i + j < 3) 
(i + j > 3) ' 

The intersection form ( , ) is computed from the cup product and j v A 3 = 1. Explicitly, 
pairings which do not vanish are 

(r ,A 3 ) = i, (r fc ,A 3 _ fc ) = i, 

(10.11) 

A fc _ 1 ,A 3 _ fc )=4 (1 < A: < 3) . 



The dual basis of (I10.9P is given by 
(10.12) 



r v = A 3 , A 3 v = r 



= A 3 _ fe - 4r 4 _ fc , A v k _, = T^ k (1 < k < 3) . 

Now we consider the quantum cup product. First we fix a basis of H 2 {V,'L). Let 
1 : P 3 — > V be the inclusion as the zero section of p3 (-4) C V and C[ = ^P 1 . Let C£ be 
the fiber class of the P^bundle pr : V ->• P 3 . Then {C7^, C(} is a basis of # 2 (V, Z) which 
is dual to the basis {A ,ri} of ff 2 (V, C). Let £°, t 1 , s°, t 2 , s 1 , t 3 , s 2 , s 3 be the coordinates 
of H*(V) associated with the basis (j!0.9p . Let q , qi be parameters associated to C , C[. 

Lemma 10.6. We have 

$(t,s;q) = $d + <& qu + $1 , 

(1013) **m = \ E tw- k - i +^ e 

^ ' ' 0<fc,«<3, 0<k,l<3, 

k+l<3 k+l<2 

$1 = O(q ) . 
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Here $> qu is the function in t l ,t 2 defined in (I10.4j) . 

Proof. We decompose the Gromov-Witten potential $ into three parts: <3> c ; which is the 
contribution of f3 = 0, $o which is the contribution of homology classes [3 ^ with /3 = 0, 
and the remaining part $i which is the contribution of f3 with /3q ^ 0. 
can be computed by the triple intersection (see (I9.4p ). 

In $i, the terms with (3 < vanish because such (3 are not effective and the moduli 
stack M Qin (V,(3) is empty. Therefore $i = O(qo). 

Now we consider $o- Notice that since — ci(Ky) = 2Ao, the virtual dimension ( 19. ip of 
M ,n(^/3) isl + 2/3 + n. If ft = 0, 



„ n n „ 

_ n = e / n 

7[A?o,„(y,/3)]«- i=1 i=1 ^[Af ,n(V,/3)]" 11 - 

= n(/3 1 t 1 ) n " 1 / ev{t" 



J[M 0A (V,/3)] v ' r 

= ni^y-H 2 [_ ev{T 2 , 

J[M 0A (VM vtr 

(V = t 1 r l + s°a , t" = t 2 r 2 + s 1 Ai N 

The first equality follows from the degree consideration and the fundamental class axiom, 
the second equality follows from the divisor axiom. The third equality holds since ev\ A x = 
0. 

For (3 > 0, it holds that 



(10.14) / ev{Y l = N p 

J[M 0>1 (V,I3C[)}^ 

Here Np is the genus zero local Gromov-Witten invariant of P 3 defined in ( 110. 3p . Therefore 
we have $o — &qu- D 

We consider the specialization qo — 0, q% — 1. Then by the above lemma, the quantum 
cup product reduces to the following: 



2 d 3 ® qu v 

r fc or i = r w + ^ ( r ;) v 

3=1 



'10.15) ^ dt k dt l dP 



Ai o = A, U . 

10.3. Proof of Proposition [T0T4l if*(P 3 ,C) equipped with the quantum cup product 
( 110. 15p and the intersection form (IIP. lip is a Frobenius algebra. Now we apply the 
quotient construction in §3.21 with n = A . 
Let / be the ideal generated by A : 

/ = CA © CAi © CA 2 © CA 3 C H*{V). 
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J k = Ker (Aq U) are as follows. 

Ji = crt © cr^ © cry © ca 3 , 

j 2 = j : © ca 2 © cr 3 = cr^ © cr^ © h^\v) , 

(10.16) J 3 = CT3 © H- 4 (V) , 
J 4 = H^{V) , 

J 5 = H*(V) . 

Therefore the filtration /. defined in (13.11) on H*(V, C) is given by 

(10.17) Jo = / , h = H^{V) (1 < k < 4) , h = H*(V) . 
The bilinear forms on l k jl k _\ (see Definition (13.11) ) are 

k = ([A k ],[A l ]) = (A k ,r t ) =S W , 

k = 1 ([r fc ], [r^! = (r k - ^A k ^, r t - 1 -a^ 

: 10 - 18 ) f-i (jb+z = 4) 

(A; + 1 + 4) ' 
fc = 5 (l,l) B = <l,Ag)=4 3 . 



By Proposition 13.31 these form a Frobenius filtration on H*(V,C). 

Notice that the quotient space H*(V, C)// is canonically isomorphic to H*(¥ 3 , C) since 
/ is the kernel of the pullback t* by 1 : P 3 C(— 4) C V. The isomorphism is given by 
iTi = 7i (0<*<3). 

Lemma 10.7. T/ie quantum cup product (110. 15[) on 7J*(V, C) induces the local quantum 
cup product flTDTBp on JJ*(P 3 , C). 

Proof. If we apply 6* on the both sides of (110. 15}) . we obtain (110. 6p since t*(T^) = — 47 4 _fc. 

□ 

It is clear that the Frobenius filtration (110. 16j) . (110. 17j) on H*(V, C) induces the filtration 
(110. ip and the bilinear forms (110. 2p on H*(F 3 , C). By Corollary 13. 5 [ these form a Frobenius 
filtration on H*(¥ 3 , C). This finishes the proof of Proposition 110.41 

10.4. Proof of Theorem 110.51 By Theorem 19. 3[ H*(V,C) has the Frobenius structure 
of charge four consisting of the quantum cup product (110. 1 5j) . the intersection form (110. lip 
(hence the trivial Levi-Civita connection), and the Euler vector field 

(10.19) E = f*. - ± {k - !) ^ + s -^) - ss^ + 2^ . 

k=2 
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If we consider the submanifold of H*(V,C) defined by s° = s 1 = s 2 = s 3 = 0, it is 
isomorphic to if*(P 3 ,C). The induced Euler vector field on H*(F 3 ,C) is flEEZD - Then 
Theorem 110.51 follows form Corollary 17.31 



Appendix A. Calculation of deformed flat coordinates: weak Fano 

TORIC SURFACES 

In this section, we calculate the deformed flat coordinates (I9.13P for weak Fano toric 
surfaces. We write <9j for ^ and Vj for Vg i for simplicity. 

Since the Euler vector field is E = t°do — t r+1 d r+ i, the operators and V^ 1 become 
as follows. 



4 

± 



= t°Id , 

V W (d t r + l,d u r) = (d t r + l,d u r) 

V (2) = y(4) = q _ 

Then the deformed connection V on Ii/Iq is given by 

V^^r+lj^r) = H(d t r+l,d u r) , 

V\ >{d t r + l,d u r) = h{d t r + l,d u r) I P | (1 < % < T) 

V2 1 (9 t r +1 ,a B r) = (0,0) , 

't° o\ 1 (-1 Q 



v< 1 >(s, +1 ,a„,) = (a r+ ,,a„,){(; "„ j 4 ( 7 ill 



The connection matrix of the dual connection is (—1) times the transpose of the original 
connection matrix. Therefore the dual connection on (J 1 // ) v is given as follows. 

V ( o\dt r+1 ,du r ) = -h{dt r+ \du r ) , 

Vf\dt r +\du r ) = -h{df+\du r )[ iv _ " _ r R+ :) (l<z<r) 



-&, V + E /3 A(&-/3) 2 iV /3 e^ 0, 



v2 1 (dt r+1 ,dM r ) = (0,0) 



v«(^,^) = -(^,^){( t0 i °)} 



n h \ o , 
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So the V^-flatness condition for a section £ r+ idt r+1 + £ r du r G T((Ii/ I ) v ) is written down 
as follows. 

So1 J = *U 



di I V ' T± I = ft I " „ "II " r+1 I (1< i < r) , 



9, 



r+l 



Solving these equations, we obtain 

£ r = ^e-°{a + & (^ + ^.^e^)} (a,beC) . 
Therefore a V^-flat frame of (J 1 // ) v is given by 

p r = ^fhe ht °du r . 
Looking for functions t r+1 (t, h),u r (t, H) satisfying 

d f+l = p r+l ^ d ~r = p r mQ(i ^ ^ _ ? ? 

we obtain 

t r+l = eht °{^ f+l + v^K) 2 - X> • } > 

«»■ = Vhe ht °u r . 
For J 2 /A, the deformed connection is as follows. 

Vo^(9„fc) = hd u k , 

V; 2) (^) = (l<i<r + l) , 

v£\d uk ) = t°d uk . 

Therefore V( 2 )-flatness equation for a section Y7k=\Ckdu k G f ((/ 2 //i) v ) becomes 
dotk = Kk, = (1 < i < r + 1) , = t°& . 



3(> 
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Solving these equations, we obtain = 6 fc e rt< ° G C). Therefore a V^-flat frame of 
{I2/I1Y is given by 

p k = e ht °du k (1 < k < r - 1) . 
Looking for functions w fc (t, ft) (1 < /c < r — 1) satisfying du k = p k mod rfft, dt°, we obtain 

« fc = e ht °u k . 

For I4/I3, the deformed connection is as follows. 

V^\d ) = hd , vS 4) (a ) = 0, Vl 4) (9 ) = t°a . 

Therefore V^-flatness equation for a section £o<^° G r((^s/^4) v ) becomes 

<9o£o = fr£o , % = (1 < i < r + 1) , ,9 ft £ = t% . 

Solving these equations, we obtain £ = ce ht ° (c G C). A flat basis of is given by 

p0 _ e ft< ^o_ ^ function t° satisfying c/t° = p° is 



at" 



Appendix B. Calculation of deformed flat coordinate: P 3 
In this section, we calculate the deformed flat coordinates f l 1 . 8 [) for P 3 . We write <9j 



d_ 

dv 

Let 



for and V* for V d . . 



/3>0 /3>0 /3>0 

The operators and V^ fc ^ — § become as follows. 



uM{d 1 ,d 2 ,d 3 ) = {d 1 ,d 2 ,d 3 ) 



(V (1) -\)(di,d 2 ,d 3 ) = (d 1 ,d 2 ,d 3 



ft 0\ 

t° 

\-t 2 (l-4P) t / 

/l \ 


\0 -l) 



W (5) (<9 ) = t°dt° , (V (5) - ~)(<9 ) = . 
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For h/Io, the deformed connection V*- 1 - 1 becomes as follows. 
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v^(d u d 2 ,d 3 ) = h(d l7 d 2 ,d 3 ) , 
V?(d 1 ,d 2 ,d 3 ) = h(d 1 ,d 2 ,d 3 ) 

V { 2 1) (d 1 ,d 2 ,d 3 ) = h(d 1 ,d 2 ,d 3 ) 
V { 3 1 \d 1 ,d 2 ,d 3 ) = (0,0,0), 
V < i\d 1 ,d 2 ,d 3 ) = (d 1 ,d 2 ,d 3 ) 



/ o o\ 

1 - 4P 

\ -4Q 1 -4P 0/ 

/ o o\ 

0, 

\1-4P 0/ 



/ t° 





o\ 


1 


(I 





o\ 





i° 














\-t 2 (l -4P) 





*7 







-1/ 



For the dual connection (Ji/J ) v , its connection matrix is given by (— l)x the transpose 
of that of h/I . Therefore the flatness equation V {1) £ = for f = ^dt 1 + &dt 2 + £ 3 dt 3 G 
r((/i// ) v ) is written as follows. 



V7(l) 



(i) 



y(l) 



7(1) 



W 

w 

W 
W 

W 



/6\ 

W 

/o 



o 



4g \ /6\ 

w 



/i 



1 -IP 

1 -4P 


/0 1-4P\ /a\ 





\0 

M 

o 



/ 



6 



W 



/*° -t 2 (l-4P)\ 
£° 

\o o t° / 



1 

ft 












::)} 






-\) } 


w 
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Solving these equations, we obtain 

& = e"°|c[t 2 (l - 4P) + ^(t 1 - 4i?) 2 ] + bh(t l - AR) + ah} , 
& = e ht \c{t l -AR) + b} , 

6 = ^*° M,ceC) . 

From these, we see that the solutions with (a, 6, c) = (1, 0, 0), (0, 1, 0), (0, 0, 1) form a 
V-flat basis of (ii// ) v - They are 

p^he^dt 1 , 

p 2 = e Bt °{/i(t 1 -4 J R)dt 1 + cft 2 } , 

j? = e »t°| [f2(l _ 4P ) + _ 4jR )2j ^1 + (t l _ 4jR)rft 2 + 1^3 1 

Looking for functions ft) (i = 1, 2, 3) such that 

dt i (t,h)=p i mod dt°,dh, 



we obtain 



f = he nt "t l , 



tu°.i 



P = e ht ° [t 2 + ft(^ - 4 £ iV> e^ 1 ) } , 



/3>0 



F = {^ 2 -4t 2 £ p Nf} e^ 1 

/3>0 



+ 2 



1\3 



^ 7 N P N^^ 



/3 + 7 



'£(^H e/3tl + 16 £ 

/3>0 ^ /3,7>0 

For I5/I4, the deformed connection V*- 5 - 1 is given by 

Vi 5) (9 ) = hd , vS 5) (9o) = V?>(flb) = Vf(9 ) = , 
Vf(d ) = t «9 . 

Therefore the V^-flatness equation for £ dt° £ r((/5//4) v ) is given by 
d £ = Ho , <9i£ = <9 2 £ = <9 3 £ = , d R £ = t% . 



Solving these equations, we see that 



Po = e M °dt° 



makes a V^-flat basis. A function t° satisfying dt° = p mod dh is given by 



h 
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